Page 1

CSEBUOT Lec. b6

Mackov chains

1. Definrtion of Mackov chzin

2. Cl/\erac+e.riz}n3 un%\f\e. S‘f’e‘ﬁon&f‘?/ o\iS‘k‘r(L\A:Hof\.S

. H\'\"k \1\3 +\me 3

j_[n -\—\/\e, enalslsﬂs oc mc\om\zzA a\c\;)ori'\"\m.s, wc@%wﬁ\\/ Use Ma(‘k«lc}\ai:
,De/—?"}: }\ Markev dhsin is 2 .suBM,nc& oL randem yariables {XJ:-\

with the Mn’\zw ?n?e,r'*—\,/ - ’por al\l S%uencts Ko Xe
?([Xt= A, I)(‘:y“ D S *.4-‘1 3 ?f [Xe"')(t ) K~ *e-)]_

/

Th other words: the Nstate’ of the + random varisble Comp ‘e{—aly
dekermines '\'\ﬂ& A'l:r\’r'(\o\x‘f\ on O’Q ’(\'\a +4 \“l"‘, A ram\om wa\\< \S SN
encém?\e. 1€ every i +akes values From & Linite set (Wnich
Wil be '\'\f\c case Ar all of ow’ a.\o?\ica‘\—(am) ne can iclm—l'i—’\\( Yhe
values wibhn tegers ﬁ,-...”}s >nd then the distrbud-ion is

nat »Lra(\\/ reFrescn‘\’ac\ L(‘ a matrix P"J: ?V[Xb";)) K-t = “’]',
ard 3 digtribodion on Ahe NValues “LoYYQS?Qr\&S {0 3 Vector
% witln K= PR =) €Do ], and UEol (IREN 51, as
with our random walke. TE Lo 3l 44 Pel¥=1) Ky 77)-
lP"D({;‘::) \X{:"l:(l «Qor a\\ ‘H_;)) Hen we 53\/ Yok e Madow
cain i \_ﬂ_omvgdg‘nf‘bus Th s case We CBn Aninlk ok Hne
Markkov chain as a random wallk on = divectes arap\n,
Wikth ?r‘b\a ahldies ayNen L\{ Yhe endries P;),




WQ are intecrested in +he lonﬂf- run behavior ap a  rage?
Mb(kb\f oham. L\ m&m( cases the. cjiS’)‘fi‘omHow an  Statec
3t ome lwge_ +Hime index will converag P a -piXe.cS« distaboction
in&epe,r\o(e/h‘ o—‘-\ whst X, is. Tt is ngtructive 4o consider
W\r\'@\ ‘H\is Max[ f_é\l-\'o OCOr, NL\al' Are. Seme e,xamplcs Q‘C
V\ar%\! O\n?viv\s where For all 3 Yhe c\\‘s-l'rilowl'ion at dimet
AQJPCK)C‘S an (3ive.s 'mﬂbcmzl-ion a\wwl-) x 7

ined
M E .0 @,\ X (s defermine
Ei(we- AN x L\/ w[l\ﬂ‘\’\f\c(' X&
Not strongly (o) s in the 15 oy
C,bnnwl'ic{. o 'f\’\L Z:\_ﬂ “

[
EXQM le 2: Bf a~XiYe Q%" X1 detenmined s ke
E i P : ; o Icgp\—cr' /‘(3‘\’(‘ \oy)Q,
Ex,l can be anera\izccl +o C?’cl—“ Q—C gny ]O\jrln
2

9> we see Hhat the dmin’ 6«&9\;\ must be "3 periedrc’
Y_DE(;E | Ne 537/ )fkt(' Q Mar&o\/ c,\na,\/\ 1S é?eriod\‘c '\\C -(:w‘ all
states X aed 7¢: PEXR ) > of =1,

ﬁ «\?uh(’lgmcn* a) Htheorem ot MackeN choins is that +hese
dre the on\Y Two \oam ers. O‘\'\acrw'se./ Ahe distrbyction RNV ees
T%coram T—Q P 19 ’]’\"l& HransHhon matcix @C 3 mnﬂ\ comecleA
\'\omoe)wzod.s ’(Z'm\'\'e Msckav c',\'\*eln, then there wxists such Hhd

foc 3\ distrls udians T, , 4';:14 ‘P'é'ﬁ; = Ti¥ ,F.[’ 1 is apeaodic.

Ne won'*{ _r‘:rb\IZ— ’\'\'\\s ™M 'Cux\\ 6cneral\"'\/., bu:(' wNe wi\\ ?m\/c Q
Speo’ta\ case that is saflicient & vs: when P s symmece,

Th +his case, We ko w —}\nvl’ there exier n oH’}\oQona»( 2laen-



vectors 'liu...ft)kn with  real u’ﬁmda\ws PR ‘(:V P.  Pages

Moruwe.r" Phese can be meﬁ Phe ,Rg\/ ]uﬂ\q juo-l—‘url's: .
— ‘Arﬁ-r:\ﬁx a’rp—a - = SCaWaK GT'PQ - af‘&w\'\\/\‘\/\ ?;.
'\A.‘ = . —

n M“: ) 2 ao. (A-\:d\ “\L“: ) - \Aﬂ 'sA. \\\L\\i
where the e,(a\smva(wcs are Fhe resp. obf)ad-i\/& vValwnes.

lemme:hy M3y seem limitin A ey, even in a0 andirected Sreph‘
P53=d£_3L2) 50 Symm<-|'r7l reobmi('{S AQQC\B:AQSI)) fac 3\l 14 in +he.
same connecked component. Bw\’, we can addregs this L\/ e
Auu:irw> BN Sppro Prizﬂz ‘Pm\g a&\‘i-\-\/ o‘l: re.ma\v\inﬁ ot stote 1
(\‘a&a‘ing s - Ioo?s")‘ let M= 1¢ "‘\.e"clesti\; and given 8 @*apk
with afijacenc\/ Mt G-) TP Po e yertex 1 stays 0""+ WP
/"CL;%E\ and 0w (N.P. A—Q,%S)X JransiHens b ? sH. C;.lj—:| ""‘?'%O.
(i'e., ad&ivxs M-Aesm 5{,\Q—\°°?s). Then Hhe Marliey chain iss

Fransttion makrix 'P i c\\’&ci) U ) d%(@\ + ﬁ G whidh is S\/mmeflfc

To pProve the Cof\verﬂe,nc& '}\ne—oram, we || use the -Q,“owiv\g
\'\e\?-(:vt\ 1«3&”\“4‘\/"

I,m Foc Q'l'\\l sﬂmme:\'('(c +HansiHon mastrix ? A£ a homeaen-

‘%__—Y\n%\'c Markov hnain Lral % IR - X Px =’lz‘Z'Pi'](m§

Pt Simply expand +he RHS: %? %(ﬁ—%}‘——-g?@s“—z?q%+Pr1*'§
Sinee Y is a hransition Mty Zf) ?w) =1+ since s s\/wxme'\rt
‘zi?'f):\ s\es. Thus we have = XE - XP% «-'Z’,o]x;" Loym whidn
e \am Holows d\rcc‘\\-/. [

Tl'\is \e.mms ﬁ'wzs VS 6Me More ivhfor'\'ar\’r \inear- e\sclomic. charader -
ZaHien Df(: a bssic 3«'&?\/\ m?«’\'\./t

ﬂ‘%mm Rf 3'\1 SYMMQ‘\'(‘\'C Fransition Matrix 'P Q‘C a home-



A Finike Mackov c\va’m, +the numb ec c—[\— ecﬁms/eckors Page 4
W'\«\'\'\ Qfﬁu’\\fa\v\& 1 eabWélS ’f\'\l humbe ch <‘.c>w'1.e_c:(-u.1 COMPoneN\';
oy

M Fist \ets SwpPose e %rap\n has k cannect ed Compa-

V\Gn‘\'s C1|-~, Cl,( —C-: {\‘.,.)V;{' w»\'b’\' (= l< 0("\'%06&(\3‘ Vectws Wi’u’\
—l \ oY ) A D a7

ei@k’m\/éx‘*b 17 Let 'th i/gmt\ :'w‘\]e.C. '(Ipa—\/(‘)) e sHHbﬂo«\a\

becounse Cp ¢ C‘) are Al’sjoi nt. Be,c.‘amse. Yren re constant

. (X

L34 eec\r\ (,onr\Lc.Jrecl CQMPD(\{/\‘[" 4’2.72'_-&; 'O,,) (V‘:\"V;) =0 | S

Jeo Hhere are ot least ke such o’am vectors. To see Fheve are

ot most k‘ consider sny ¥V 4. \7«?75 \\’\7“? (Q,fﬂw\lb(ue—'l),

L\/ Hre )uv\ma, ?:-]1«?;5(\/.“’\)",7:0, Put 'P;‘OZD, so this iwp\ies

V‘:\I) N»\{;:\e,\}'(f ?170 ’ ﬂif&‘FOfl’ “'\/\6(‘(.. QXI'.S’\’ 0(.” . o,&kérg

s-t. /\7: gd‘kvéﬂl ani nNe See -l’\na‘(' r\onzu‘o-’\? cahf\o“’ b&. ot“\"’\w

— k41|
6')“9\ To '\70\."’(\’&)‘ ’ﬂ"“'s/')\( “’*‘.@

NOW wWe can Pl‘o\lc '\’(ne ymain Hheorem. \l\)e,'\\ ‘g(rs’( pete
ARITAN ’r\/ s5ince 3 5\/er\e:\-ric P implies thet any {J%e,
1Ves ?&’\’\r\ ‘l'\r‘bm ) Lack +o { o—r ‘e.r\ ‘|‘\4 Z, P is eiYher
Eip%fﬁ“'ﬁ— (Vas 0n|\/ Pef\’l'\s b‘(; l&nﬁ'\’i\ 2) o \nas an 60‘«1 C\/AL.
In the lobbec ense, since tis connected, vt ir a peciadic.
(S(nct, Q)LA( (-‘Z/ k) =| ’G‘f em/ N\A l<5 C\w\\/ ’\-C ,‘P \S «}:(?ar&'r\&
«\'\«zw ‘I/(ts SuPPoM'cA on an\/ one 1 nevel Con\lcff_s. ('ﬂ{ Q\lef\/oi.A
Steps, ¥ swi ches mm\\au:s(an 'me ¢ Set Jo the o+ her W - \3
So’ i{: P s a?ariac\?c_, it is not loi?ar{'ii'e, and hepee

does ot haye —! as an e\‘ﬂv\\la\wa. Since we have &ssuvv\eAH’



to be C,ormec)vec(, there is On\\/ one e(e’u\\/e_c.—(—a([ \}(‘? Page S
g&i)ﬁisel\\le[ﬁ?. NO“’( “'L\Q;(’ 'iru{c&c(" b\/ +\qe \owsma)
v =
NI ) — e XTEA by A P‘-j(\la"\/)\"' L ( dince th_, q7,.,~,)”a-(\l{‘\l;§~?0,
Rarthermere, we stmilarly have £ Py 44)* = W15+ V'P3

NI L -2
So 2wy g "z.lf\'lhz%‘ﬂj(\"*\’j) z -1, hence AnZ-1. As we

Saw on ‘\'L\Q L\ome.\/vorlé [QSSe.n'f’\'a“\/)l f—F 'P 'S not l:)i?’&f"k(‘(’(,'/\fl”\.
T\w\.sl P =max{\/\1\‘ ]l«ﬁ <1 . T‘ft@, 835 ir the ‘wowxewwl(,
‘Hme. Froﬂtc,'\'on Q‘F Pe’ﬂc") on f)&b,...,>*n§ S»\rir\“cs Ly 7\‘&)

and hoence “7“’*‘ P{‘ﬁ'm”zéfﬁ ‘T(wbt”b as £ = <=. V[)

Ir\ ’Par":\"lc_p\\'é(‘, ol serue Phst Phe distrlution Corveraes 4+ a
uniform distribukion on stefes. This wll be mpscront latec
Ano‘l—\\ex o\ﬂar'ac—‘\’cr\za—hon OC +\\e \imi«(fms c\’\s—lv'\\avc\-ion 1s M tems
ox e #5+<.'Ps +o efurn o 2 vertex:

DL—‘:‘Q - The [/li—\-—%'\nch time a«[ 7 —(rcm 1, )'so\',), 1 Yhe Qx?ec.l-ﬂc( -‘#
o steps belece the L\omoﬂene.ous —Cin’d-a Markot daain s-\er‘%e_cl st
(eadnes shte :)

S
Theowe)ﬂ For an apeﬂo&ic, s‘l'rbng\\/ cxnneche d , }-chsu\cms -g\y\q—(_ Madeov
oin, 7= P consbies m= gy el s

?&‘{-\: First observe that Lir 3\ 1,‘3‘ h,-ﬁ": ’R'] “'2&% P;u(\’r \“")>

=1+ g Pm%u;)

Lex 1D ‘-‘-d\as(."‘iis and N Le oyiven l’7’ Niizo, N;,)—é LY F sl #
(T\nus, (D’l'l\)]i,)’; \\) 'Fof all 7/’)) Ous QcéuaHW\& Yﬂa\{ )pc,.\wri-\-«ke.mf
DAN=E+ PN (whee £,5) Lol 13). Apdora yidds
(I-PIN=F-D, o ™7 [IT-PIN= 7 (E-D) Bt
T P= T so o




Thoccdure, 1% hyy o, ™2h) = (7Y, L Em) TR res
/ﬂms a,\(ows ns ’h \:omc( ‘)‘\ne. ‘\'im\e g —\—gkas' —Far a random
\Na\\a( s V‘ﬁ\‘(’ ém\/ Yertex in a C,OVW\&:\’QA f"e?\\
Lemma Tf weE , £or the random walk on [;\%, \su,\,+\\,mé’&)ﬁ
'P—rlo& [etss ra.\)\mse,n'\’ YPre random walk en G as a Nake
chain on Q_c_,l_ég__,s, v\)%c,(c,. '\’P Hhe wiﬁir\ al random valk +ransitions
-‘(:(orv\ w ¥ v on S'i‘e.F ‘bl Hhen s (&%{, chain 15 ' state (u,\s)a
This cdrain has ZIE| s+ates, and it limiding Jistribactor e
anido rm., Thus from (w), the expected # steps v fetum
Jo (w3 is 24gl 1>~/ suv lemma . This is 3 ?a‘l’\'\ vou Jollowed
L\/ y) bede m v, 5o indeed, W+ hoy £ 2IEl T
T\nwr&*@ Yor am-/ initial stale, the «Fun"ec(# of Steps +
y,e.ve.m/ Vel Yex cg s connected 3{*&.?\\ s £ ?_)E\ (\\I|—|>.
Mf Consid.e an\/ SPe,N\\v\.o_S tree T of G. Thee (s a
'Far\'\/\ 4’\'\3% ‘raverses &J\ eAge_ Ta T 4wice [mce_ n QA,cl'\
diveckion). The expected dime 4 visik +he vertices of &
;l\v’\‘—zl'his ord ¢ S*af-\‘\v\s LProm Yhe Si\lc/\ A (\/o N \lq_\,\,\,o) s

B = Ty m S (V-DZIE) by the lonma B

One ap?lfc@’rfon o Pv\'ts s 3 \(cn/ s?ace-gﬁ,[}ciu+
&\3«*“%1\’\ ‘Qr C\QC(A§ '43) \—F '\'»\e_m—(s ) .F&-W\ Ld»w«.n a <\y>i\)e.n
pPUr % Verkices s +t: doke & rendam nalk -@M s, T

we readh £ in Y IEN (I\/l~l> Steps, a path exists , and cnnue;se\)r

il ane exists the mﬁa}ai\l\j we_ 5;..-.1\ +¢ eadh £ is & ‘/L

\v\/ Markavs 'mubua\l‘fk/. Ne. can Q"\P\‘L/ Pris L\/ eperdent cepelitten



